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Conditions of limited applicability of the additivity law of thermal  res i s tances  in nonsteady 
reg imes ,  as used in the methods of two t i m e - t e m p e r a t u r e  intervals ,  a re  determined.  

1. For  mult i layered sys t ems  in the steady thermal  regime the following additivity law of thermal  
res i s tances  holds: 

t z  H 
-- V '~ , (1) 

X' ~ Xi 

where I-I = Y,h i is the total thickness of the mul t i layer  sys tem,  ~.] is the effective value of the thermal  con- 
ductivity of the entire sys tem obtained by the steady method, and h i and k i are the thickness and thermal  
conductivity of the individual plates in the sys tem.  Under the conditions of the s teady thermal  regime all 
the methods of determining the thermal  conductivity give the same value of the effective thermal  conduc- 
tivity for the mult i layered composite sys tems  i r respect ive  of the o rder  of a r rangement  of the plates in the 
sys tem (within the admissible e r ro r ) .  

Measuring the effective thermal  conductivity of the muit i layered sys tem by different methods of the 
nonsteady thermal  regime,  we obtain different  values of thermal  conductivity ;~" ~ X', Fu r the rmore ,  the 
value of the thermal  conductivity M' determined by any one method of the nonsteady regime will be different 
for different a r rangements  of the plates in the mult i layered system.  This can be expressed in the following 
way: 

2," = mX', (2) 

where m is a cor rec t ion  coefficient which charac te r i zes  the degree of divergence of the values of M' and 
~t'. The quantity m depends on the nature of the nonsteady tempera ture  field and has different values in 
different methods of nonsteady regimes .  
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Fig. 1. A schematic  d iagram of 
the labora tory  equipment. 

Using the measured  value of h" for  the effective thermal  
conductivity of the sys tem,  we obtain an e r r o r  equal to 

L"-- )J rnU-- ~,' 
( ~ : )  - - = . ~  - -  1 .  ( 3 )  ;~' ~,' 

Keeping formulas  (1) and (2) in mind, we obtain 
n 

Z h L - H mH 

In formula (1), instead of the cor rec t ion  coefficient  m we can in- 
t roduce a term a in such a way that 

H , ~  h~+ c~ - (5) 
Xi U' 
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Fig .  2. Graphs  of the dependence  m = f(a; n): a) for  0~ 
= 0.10,  02 = 0.25, and 0 a = 0.50 in the f i r s t  buffer  method;  
b) for  01 = 0.10, 0 z = 0.25, and 03 = 0.45 in the second  
bas ic  method;  c) for  0~ = 0.10, 0~ = 0.25, and 0~ = 0.50 in 
the second  buf fe r  method.  

The q u a n t i t i e s  m and a a r e  connec ted  to each o ther  by the f o r mu l a  m = 1 -  (aX")/H. If the va lue  of m o r  a 
is  known or  can be d e t e r m i n e d  by some  c a l i b r a t i o n ,  then,  m e a s u r i n g  M', Eqs .  (4) o r  (5) can  be used  for  d e -  
t e r m i n i n g  any  unknown X for  r e m a i n i n g  unknowns Xi-1- 

In o r d e r  to d e t e r m i n e  the j u s t i f i c a t i o n  for  the a pp l i c a b i l i t y  of the addi t iv i ty  law e x p r e s s e d  by fo rmu la  
(1) unde r  cond i t ions  of s o m e  n o n s t e a d y  r e g i m e ,  it i s  n e c e s s a r y  to ana lyze  the n u m e r i c a l  va lues  of m o r  a 
as  a func t ion  of the c h a r a c t e r i s t i c s  of the t e m p e r a t u r e  f ield used.  This  can  be done if the c h a r a c t e r i s t i c s  
of the t e m p e r a t u r e  f ield used by any nons t e a dy  method a r e  known. In the me thods  of two t i m e - t e m p e r a t u r e  
i n t e r v a l s  [1] the c h a r a c t e r i s t i c s  of the t e m p e r a t u r e  f ield a r e  known and hence the dependence  of the c o r r e c -  
t ion  coef f i c ien t ,  fo r  example ,  m,  on c e r t a i n  c h a r a c t e r i s t i c s  of the f ield can  be inves t iga ted .  

The s c h e m a t i c  d i a g r a m  of the l a b o r a t o r y  e q u i p m e n t  is shown in F ig .  1. 

2. In the f i r s t  buf fe r  method a s ing le  buf fe r  plate  M 2 which is  of the s a m e  m a t e r i a l  as the heat  r e -  
c e i v e r  (see F ig .  1) is used.  The t e m p e r a t u r e  f ield on which the f i r s t  buffer  method is based is g iven by 

O -- t -- (1 .-Fo 0 "< {erfc [y (n ~- 1)] - -  c~ erfc [g (n --', 3)] -F .... } = F ( a ,  n, g), (6) 
tn 

I f  the buffer  plate  M2, as  well  as M I, is a b se n t ,  that  i s ,  if h 0 = 0 and n = 0, then Eq. (6) goes o v e r  to 
the equat ion  of the t e m p e r a t u r e  f ield of the f i r s t  f u n d a m e n t a l  method ,  

0 = (1 @ a) {erfc g - - ~  eric 3g § . . .}  -= F (co, g). (7) 

if we c o n s i d e r  f o r m u l a  (4), then  in  the f i r s t  buffer  method the add i t iv i ty  law of t h e r m a l  r e s i s t a n c e s  is 
w r i t t e n  in the f o r m  

m H  _ h _}_ h o (8) 
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Since  in a l l  the m e t h o d s  of two t i m e - t e m p e r a t u r e  i n t e r v a l s  the c o e f f i c i e n t  of t h e r m a l  c o n d u c t i v i t y  is  g iven  
by the f o r m u l a  k = be aq~,where 

l,,:a :z t,/~ 
- or >. = ( 9 )  

the  l e f t - h a n d  s ide  of Eq.  (8) can  be e x p r e s s e d  in the f o r m  

rnH 2ra ]: A~, 1 P--' 
s b ~' 

H e r e  p '  and e '  a r e  the e f f e c t i v e  v a l u e s  of the  p a r a m e t e r s  p and e which a r e  t aken  f r o m  o p e r a t i n g  t a b l e s  of 
the f i r s t  b a s i c  me thod  [1]: 

p = : ~ ( K ) = f , \ A T ~  . \ A~ 1" 

The q u a n t i t i e s  A~- 1 and A r  2 a r e  d e t e r m i n e d  f rom e x p e r i m e n t s  in which the  p l a t e s  A and M 2 (see  F i g .  1) a r e  
r e g a r d e d  as  one i n v e s t i g a t e d  s a m p l e  of t h i c k n e s s  H = h + h 0. Next  

7, b s / '  

w h e r e  the v a l u e s  of p a r a m e t e r s  p and E a r e  r e l a t e d  by Eq.  (6) of the  f i r s t  b u f f e r  m e t h o d .  Then Eq.  (8) b e -  
c o m e s  

o r ,  d iv id ing  both p a r t s  by 2Ar~,/b, we ob ta in  

r a  - -  . 

>.0 2 I/AT~ 
Since  b = aB/' (~U B = h0/(5-0; h 0 / 2 ~  0 = L and L/Av~-}-, = 4, then 

(1o) 

and hence  we ob t a in  

m = WT_ (11) 

Equa t ion  (6) on which the f i r s t  bu f f e r  me thod  is  b a s e d ,  e n a b l e s  us to r e l a t e  the q u a n t i t i e s  4, ~YP7~, and k fo r  a 
n u m b e r  of v a l u e s  of a and n fo r  f ixed  v a l u e s  of 01, 02, and 63. Knowing 4, ~ T a ,  and k,  and f inding  the q u a n -  
t i ty  ~p-Ta'  f r o m  the o p e r a t i n g  t ab le  of the  f i r s t  b a s i c  me thod  c o r r e s p o n d i n g  to a g iven  k,  i t  is  not  d i f f i cu l t  
to c o m p u t e  t he  c o r r e c t i o n  f a c t o r  m for  a n u m b e r  of v a l u e s  of  a and n f r o m  Eq.  (11). 

The g r a p h s  of the d e p e n d e n c e  m = f(a,  n) a r e  shown in F ig .  2a. 

3. In the second  b a s i c  method  the bu f fe r  p la t e  M 2 is not  t h e r e .  The m a t e r i a l  of p l a t e  M 1 i s  the s a m e  
a s  tha t  of the h e a t  r e c e i v e r  B (see  F i g .  1). 

The t e m p e r a t u r e  f i e ld  on which  the  s econd  b a s i c  me thod  is  b a s e d  is d e s c r i b e d  by the equa t ion  

0 = ( l - - u ~ ) { e r f c [ y ( n - ~ l )  r162 1)1-- ~.erfc[3g(n 1 ) } + . . . } = F ( ~ ;  g; n). (12) 

The no ta t ion  i s  the  s a m e  as  in Eq.  (6). Equa t ion  (12) a l s o  p e r m i t s  us to d e t e r m i n e  the q u a n t i t i e s  ~, 

~rp'7~, and v ~ / ~ '  f o r  a n u m b e r  of v a l u e s  of ~ and n fo r  f ixed v a l u e s  of 01, 02, and 63, and to c ompu te  the c o r -  
r e c t i o n  f a c t o r  m f r o m  f o r m u l a  (11) (F ig .  2b).  

4. In the  s e c o n d  b u f f e r  m e t h o d ,  the b u f f e r  p l a t e s  M 1 and M 2 a r e  of the  s a m e  t h i c k n e s s  and c o n s i s t  of the  
s a m e  m a t e r i a l  a s t h e  hea t  r e c e i v e r  ( see  F i g .  1). 

T h e  t e m p e r a t u r e  f i e ld  on which  t h e  s econd  buf fe r  me thod  is b a s e d ,  is  d e s c r i b e d  by 

0 = (1 - -  a ~) {erfc [g (2n + 1)] a erfc [g (4n + 1)1 - -  a erfc [g (4n -~- 3)] + . ,  .} = F (a; n; g). (13) 
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0 
a,e 

/ t i  II ~ , and i n s t e a d  of (11) we have  

o o,s ~o ,t~r ~-~M 

F i g :  3.  G r a p h s  of m = f ( e ;  M) 
fo r  01 = 0 .05 ,  0 z = 0.10,  and e 3 
= 0.25 in the t h i r d  me thod .  

In th i s  me thod  Eq.  (4) h a s  the  f o r m  

mH h + 2h o 

k" k k o 

~Iy )..-f 
m 

8 ~ 8 
2~ 

i/tip- 
�9 + 2~ 

8 
m ~  

8 ~ 

The g r a p h s  of  m = f(a;  n) a r e  shown in F ig .  2c .  

(14) 

5. In  the  t h i r d  me thod  m e t a l l i c  p l a t e s  M 1 and M z a r e  u s e d .  The t e m p e r a t u r e  f i e ld  on which  the  t h i r d  
me thod  is  b a s e d  is d e s c r i b e d  by 

0 = (1 + a ) [ F I ( N I ;  a; y)-:-F2(M; ~; g) ' - - . . .  (15) 

--  . . .  F,~(M; a, g ) + . . . 1  = f(M; ~; g). 

Equa t ion  (15) r e p r e s e n t s  an in f in i t e  s e r i e s  in which each  t e r m  is ,  in tu rn ,  an in f in i te  s e r i e s  depend ing  
on the t h r e e  a r g u m e n t s  M, a ,  and y.  H e r e ,  b e s i d e s  the  no ta t ion  used  e a r l i e r ,  we have i n t r o d u c e d  the fo l -  
l o w i n g n o t a t i o n s :  M = h/22~/~ and y = ( cPmhm/b ,  w h e r e  (ep) m i s  the  bulk  s p e c i f i c  h e a t  of the m e t a l  f r o m  which 
the m e t a l l i c  p l a t e s  a r e  m a d e ,  and h m i s  t h e  t h i c k n e s s  of the m e t a l l i c  p l a t e s ;  M = r/4"p, w h e r e  r/ = A(-~'~-/T. 
The a d d i t i v i t y  l aw of t h e r m a l  r e s i s t a n c e s  fo r  t h i s  m e t h o d  has  the  f o r m  

H mH h 2h m 

o r  
m l ; 'p  ~ ]/r~- _ 2hmb 

e' e km 2 ] r ~  

C o n s i d e r i n g  tha t  km/bv ~ = e m and h m = Yb/(c0)m = y b a m / h  m we ge t  

m l / p '  VP-  _ I where m = ern (16) 
e' 8 emil ~1 ( I  p'/e')  

Equa t ion  (15) p e r m i t s  us to r e l a t e  the  q u a n t i t i e s  r M = r/v~, a n d k ,  and,  hence ,  the q u a n t i t i e s  (-if/e, M, 
and p4"p-r/E ' f o r  a n u m b e r  of v a l u e s  of the p a r a m e t e r s  a and M f o r  f ixed  v a l u e s  of 0 t, 02, and 03- We note tha t  
Eq.  (16) c o n t a i n s  a n o t h e r  c h a r a c t e r i s t i c  e m of  the  m e t a l  f r o m  which the m e t a l l i c  p l a t e s  a r e  m a d e .  The  
quan t i t y  1/e2m = b2am/k-2 m is  u s u a l l y  v e r y  s m a l l :  Thus  fo r  c o p p e r  p l a t e s  and fo r  a hea t  r e c e i v e r  made  of 

p l a s t i c  we have  

1 _ b~am 560~'1.12"10 -~ = 2 . 3 . 1 0 - ~ 0 . 0 0 0 2 .  
e m km 3882 

The a c c u r a c y  of the  c o m p u t a t i o n  of th i s  quan t i t y  is  much  s m a l l e r  than tha t  of the q u a n t i t i e s  ~F~/E, M, and 
p~'r/e ' .  If in (16) we d i s r e g a r d  the t e r m  1/e2m , we g e t  

m - -  - -  

] , r  p-~ /e ' 

The g r a p h s  of m = f(o~; M) a r e  shown in F i g .  3.  

6. In the  fou r th  me thod  the p l a t e s  M~ and M 2 have  the s a m e  t h i c k n e s s  but  the m a t e r i a l  is  d i f f e r e n t  
f r o m  tha t  of the h e a t  r e c e i v e r .  

In t h i s  c a s e  the t e m p e r a t u r e  f i e ld  a l r e a d y  d e p e n d s  on fou r  p a r a m e t e r s :  

0 = / = F(e; n; y; %), (18) 
tn 
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TABLE I .  Results of Verification of the Applicability of the Addi- 
tivity Law of Thermal Conductivity in Nonsteady Regimes 

Thermal conductivity W/m-deg 
Method and investigated material 

First buffer method 
A - Vaseline oil 
M - plastic; h = 2 .10-Sm 
B - plastic 

Second basic method 
A - Vaseline oil 
M - plastic; h = 2.10 -3 m 
B - plas t ic ;h  = 0 ,9 . t0"3m 

Second buffer method 
A 4 Vaseline oil 
M - plastic; h 0 = 2" 10 -3 m 
B - plastic 

Third method 
A - resin;h= 5.10 "3m 

ivl - copper; ho= L1 10 -3 m 

B - quartz sand m 

First buffer method i 
A - quartz glass i 
IvI - protective resinh= 2. I0 -am i 

B - protective resin; h0 = 2.65- 
I0 "sm 

Second basic method 
A - quartz glass 
M - protective resin; h = 2.10-3 m 
B - protective resin; h 0 = 2.65- 

10 -a m 

~x 

0,126 

0,126 

0,127 

0,170 

0,123 

0,125 

0,124 

O, 1,10 

1,35 J 1,75 

1,35 0,965 

0,134 

0,137 

0,131 

0,138 

0,142 0,139 

0,207 0,171 

0,442 0,463 

0,442 0,420 

0,98 

1,0I 

0,98 

0,82 

1,05 

0,95 

w h e r e  b e s i d e s  t he  n o t a t i o n  u s e d  a b o v e ,  we h a v e  i n t r o d u c e d  t h e  a d d i t i o n a l  n o t a t i o n  a 0 = ~ 0 / b ~ .  U n l i k e  the  

s e c o n d  b u f f e r  m e t h o d ,  h e r e  k0/q-$ 0 ~ 2`B/aq-aB. T h e  a d d i t i v i t y  l a w  of  t h e r m a l  r e s i s t a n c e s  f o r  t h i s  m e t h o d  i s  
of the form 

o r  

mH h : 2h o 
L" - -  L )'o (1 9) 

m ] P'  I - P  _ 2hob 

8' 8 ~o 2 }'~"~1 " 

Multiplying and dividing the right-hand side by a ~  0 we obtain 2h0b~-o/2`o2~-~Ti (r ~- = 2~/e o and then we have 

] p  , 2~ 
8 8 o m = (20) 
t 7,-'/8' 

A n  a n a l y s i s  of  t he  d e p e n d e n c e  m = f(E, %, n) a n d  t h e  c o n s t r u c t i o n  of the  c o r r e s p o n d i n g  g r a p h s  i s  t h e  

s u b j e c t  of  a s e p a r a t e  a r t i c l e ,  s i n c e  the  c o m b i n a t i o n  of  t h e  t h e r m o p h y s i c a l  p r o p e r t i e s  o f  t h e  h e a t  r e c e i v e r ,  

t he  b u f f e r  p l a t e s ,  and  t h e  i n v e s t i g a t e d  m a t e r i a l  c a n  be  v e r y d i v e r s e .  

7. I t  i s  e v i d e n t  f r o m  F i g .  2 t h a t  f o r  a -< 0,  t h a t  i s ,  e -< 1, t h e  a d d i t i v i t y  l a w  of  t h e  t h e r m a l  r e s i s t a n c e s  

f o r  t he  f i r s t  b u f f e r  m e t h o d ,  t h e  s e c o n d  b a s i c  m e t h o d ,  and  t h e  s e c o n d  b u f f e r  m e t h o d  i s  v a l i d  w i t h  a n  e r r o r  
n o t  e x c e e d i n g  2-3%.  

F o r  a > 0 ,  t h e  e r r o r  5(X') = ( m - l )  b e c o m e s  a p p r e c i a b l e .  T h e  s m a l l e r  t h e  v a l u e  n a n d  t h e  c l o s e r  t h e  

v a l u e  of  a to  z e r o  the  s m a l l e r  i s  the  e r r o r  5(2`') .  F o r  l a r g e r  v a l u e s  of c~ t h e  e r r o r  5(2,') i s  l a r g e  e v e n  f o r  

s m a l l  v a l u e s  of n .  T h u s ,  f o r  e x a m p l e ,  in  t he  f i r s t  b u f f e r  m e t h o d  f o r  a = + 0 . 5  t he  e r r o r  5(2`') r e a c h e s  11% 

e v e n  f o r  n = 0 .1  ( s e e  F i g .  2 a ) .  

In o r d e r  to  h a v e  t h e  p o s s i b i l i t y  of  a p p l y i n g  t h e  a d d i t i v i t y  l a w  of t h e r m a l  r e s i s t a n c e s  u n d e r  t h e  c o n d i -  

t i o n s  of  t h e  t h i r d  m e t h o d ,  i t  i s  n e c e s s a r y  t h a t  m be  c l o s e  to u n i t y ,  t h a t  i s ,  t h e  q u a n t i t y  q'p/e b e  c l o s e  to 

/ e '  a s  f o l l o w s  f r o m  f o r m u l a  (17).  H o w e v e r ,  i t  i s  e v i d e n t  f r o m  F i g .  3 t h a t  t h i s  r e q u i r e m e n t  i s  p o o r l y  s a t i s -  

f i e d .  T h e  e r r o r  f r o m  t h e  a p p l i c a t i o n  of  t h e  a d d i t i v i t y  l a w  in t h e  c o n d i t i o n s  of t he  t h i r d  m e t h o d  e s p e c i a l l y  

f o r  s m a l l  V a l u e s  o f  M c a n  r e a c h  50% a n d  m o r e .  
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Thus, the accuracy of determining the coefficient of thermal conductivity k from the additivity law of 
thermal resistances is determined by the nature of the temperature field and the relation of the thermo- 
physical characteristics of the investigated medium and heat receiver. For certain temperature fields the 
error in the determination of the coefficient k from (1) can have large values as, for example, in the condi- 
tions of the third method. Furthermore, it should be noted that since m = f(a, n), the error 6 (2,') = m-1 
depends on the unknown characteristics of investigated material 

_ x h0 , / a ~  
h | /  a I - -  ~ b ] / -~  and n . . . . . . .  

Therefore, the correction factor m (or a) cannot be determined by any calibration method. 

The coefficient of thermal conductivity h has a clear physical meaning only for homogeneous iso- 
tropic bodies. The solid materials often used in practice have layered or fibrous structures with inclu- 
sions of holes containing air and moisture. In this case the coefficient of thermal conductivity of the same 
material in mutually opposite directions, determined by the nonsteady methods, will have different values. 
This must be taken into consideration in thermophysical investigations, in particular, in the methods of 
electrothermal analogies. 

We noted that in the first buffer method the buffer plate is in contact with the heat receiver and the 
investigated medium is in contact with heater. On the other hand, in the second basic method the investi- 
gated medium is in contact with the heat receiver and the buffer plate (bottom of the vessel) is in contact 
with the heater. Thus an interchange of the plates M and A (see Fig. I) is equivalent to the transition from 
the first buffer method to the second basic method. But the values of m for these methods with other con- 
ditions remaining equal are different (see Figs. 2a,b). This proves the validity of the statement that the 
effective value of the thermal conductivity of the system of contacting plates or of layered materials in 
conditions of nonsteady regimes depends on the order of arrangement of the plates in the multilayered sys- 
tem and, hence, on the direction of the heat flux. 

For an experimental verification of the applicability of the additivity law of thermal resistances in 
conditions of nonsteady regimes we made use of those observations presented by Volkenshtein [1]. If the 
observations illustrating the first and second buffer methods, the second basic method, and the third meth- 
od are analyzed by the first basic method, then we obtain the effective values of the thermophysical char- 
acteristics )t" and a" for the system of plates. Knowing the effective values h" and using the additivity law 
of thermal resistances we can calculate the value of the thermal conductivity of the investigated medium 
k x and compare it with the value h given by some method directly. Furthermore, using the values of k as 
the true value of the thermal conductivity of the investigated medium we can find the effective value k' in 
the conditions of the steady reg ime and de te rmine  the value m = h " / k '  fo r  the given exper iment .  

The resu l t s  of this computation are  given in Table 1. These resu l t s  are in good agreement  with the 
theore t ica l  analysis  d iscussed  above. 
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